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1. Introduction

The qutrit (three internal states) comes next in complexity after qubit (two internal
states) as a resource for quantum information processes like quantum sensing.! The
qubit density matrix is of order 2 and it depends on three parameters for the most
general mixed states, but only on two parameters for pure states. It can be easily
visualized using Bloch sphere representation in which the pure states are
represented by points on the Bloch sphere. On the other hand, the qutrit density
matrix is of order 3 and it depends on eight parameters in the most general case.
Visualization of the 8-D qutrit state space is practically impossible using the 8-D
vectors commonly used in the Gell-Mann representation.? Recently, another 3-D
representation of the qutrit state space was proposed based on density matrix
invariants (called invariant vector representation [IVR]).? These vectors also reside
on the surface of a sphere and help one visualize the dynamics of a qutrit state. In
this report, we apply IVR to the cascade configuration of a qutrit (also known as
the Z—model**) and show its utility in understanding the dynamics of the model.

2. Invariant Vector Representation (IVR) of a Qutrit: Basic
Results

The density matrix p based on the spin-1 representation of a qutrit is given as>®

[ wq %(% + iaz) %(% —iay)
P = %(q3—ia3) W _%(Ch"‘ial) . (1)
E (q2 +iay) _%(‘h —iay) w3 J

The parameters of p are related to the expectation values of expressions involving
spin-1 components and their combinations.

w; =< S} >=Tr(pS}?), (2a)
a; =<S8; >=Tr(pS;), (2b)
Qe =< S;Sj + $;S; >=Tr{p(S:S; + S;S)} k #i,j . (2¢c)

The invariant 3-D vectors are given by the following relations.’

First invariant vector:

W= (Ve Ve V). Ga)



Based on the trace relation,
Tr(ps) = wi +w, + w3 =1,%7,wf =1. (3b)

Second invariant vector:

Ui={Jo?+ @I +aD)/2, Joi+@E+ad)/2, Joi+(qE+ad)/2}. (4a)
Based on the trace relation,
Tr(p2) =Y u?<1. (4b)

Third invariant vector:

b= (VX +30T+aD/2 /X +3(E +aD/2 X +3(@F +ad/2}.  (5a)
Here,
X = % — 2010, w3 —%(azaﬂh +a3a1q92 + a102G3 — 414293) - (5b)
Based on the trace relation,
3Tr(p2) — 2Tr(pz) = Xi v < 1. (5¢)

The vectors U and ¥ represents the second and third density matrix invariants of a
qutrit. The bounds on the vector-norms are, in general, Y., u? <1 and
? v? < 1, with equality signs holding for a pure state.

For a pure state, the nine density matrix parameters are related via the following
five relations.

1 relation Tr(pz) =w; +w, +3 =1, (6a)

3 relations

L Q% + a% wWoW3
Z g5 +as | =| w3wq |, (6b)
iirai) e
1 relation
azasq; + aza;q; + a10,93 — 414293 = 8w W,wW3 . (6¢)



So, finally, we have only four independent parameters, which is the correct number
of independent degrees of freedom for a pure qutrit state.

3. Time-Dependent Eigenvectors of the Qutrit Cascade or
=Z-Model

The isolated qutrit states with their energies are taken to be |0 > (Ey), |1 > (E}),
and |2 > (E,) with E, > E; > E, average energy E = (E, + E; + E,)/3. Define
&1 =(—2Ey+E; +E;)/3, and €&, = (—Ey—E; + 2E,)/3, then the starting
energies are related with them as

EO=E_81, (73)
E;=E—(5—¢&)=E—g¢, (7b)
E2=E+82. (70)

Here ¢ = ¢, — &1 = (Ey + E;, — 2E;)/3 > 0 has been assumed for later analysis
(e < 0 case is similar). After taking the zero of energy at E, the Hamiltonian of the
qutrit in an external field is given by

—& (g1 —ig2)p (g3 —iga)o
H=|(g1+ig2)¢ —¢ (95 — ige)P| - (8)
(gs tiga)d (gs+ige)d &2

We specialize to the equidistant level Z-model in which, (i) &, = &4, (i1) couplings
are equal, in other words, g; = g3 = gs, 92 = g4 = gs, and (iii) there is no
coupling between first and third levels. Then the Hamiltonian becomes

—& (91— ig2) 0
Hz = |¢(g1 +ig2) 0 d(g1—ig2)|. )

0 (g1 +1ig2) €

Let

g1+ig, = Ge™, (10a)
w =+ e? + 2¢2G?, (10b)
& = wcosh , (10c)
dG\2 = wsind . (10d)



Then we get

[ —cos0 %sinee‘i‘s 0
H: =w %sineei‘s 0 \%sin@e‘i‘s : (11)
0 %siné’ei‘S cos@

The stationary eigenvectors for eigenvalues (—w,0,w) of Hzare found
respectively as

-i5,.,28 1 s —i5 ;28
/e cos 2\ ﬁe_“ssme /e sin® -

10 >= —%sine |1 >= cosf 2 >= %sin@ . (12)
1 i .
eiSSinzg —\/—Eel‘ssme 5 o

e¥cos? =
2

The time-dependent Schrodinger’s equation for the Z-model is given as

|Wo(t) > |Wo(t) >
2 10> | = [ 190 > (13)
|¥(t) > |¥(t) >

As before, the interacting field ¢ is time-independent and the initial conditions are:

(1) [Yo(t = 0)>=1, and (ii) |1 (t = 0)>= 0= [P, (t = 0)>. The solutions for the
time-dependent eigenvectors are

|[¥o() > 0 . , 0
IY.(0)> ] = coszze‘(“’”‘s)m > +\/—Esin96‘5|1 > +sin253_‘(“’t_5)|2 >, (14)
[¥a() >

They can be rewritten as

_ 12 1.2 . .
|Wo(t) > (1 S sin 9) coswt + > Sin 0+ Lsmwtcow\
|¥i(t) > | = %sine [cos8(1 — coswt) — isinwt]e® (15)
|¥2(t) >

—%sinze(l — coswt)e?®
4. IVR of a Qutrit: E-Model

The density matrix of the qutrit cascade or Z-model is calculated as

|Wo(t) >

pz = | V1 (®) > | (<P @®] <P <¥(0).

(16)
|¥2(0) >



We express the resulting density matrix as the spin-1 representation given earlier.
Then for the qutrit Z-model, the following are the expressions for the density matrix

parameters.
W, = i(3 + cos260)cos?*wt , (17a)
Wy = %(3 + cos20)sin*wt , (17b)
w3 = i(l — cos20) , (17¢)

(Zi) = Szi:;; (1 — cos20)(1 — coswt) [COSQ(l — coswt) (—ngsr?c?) — sinwt (g;ﬁg)] . (17d)

(CIz) = 1260920 (1 — coswt) [—{(1 —c0520) + (3 4 cos20)coswt} (C0525) +

a, P ' sin2d 17e
4cosOsinwt (—st(S)] R (17¢)
cos26
(q3) S0 0sB[—(5 + 3c0528) + 4(1 + c0s20)coswt
= ——cosf[— cos cos28)cosw
a3/ 42 5
_ cos 17
+ (1 — cos20)cos2wt] (—siné‘) " (171)
. . sin
+ [2(3 + cos20)sinwt + (1 — cos20)sin2wt] (0056) .

Due to the structure of the Z-model, there are only two independent parameters
(w, 0). Using the earlier expressions, the IVR vectors for Z-model are found to be

1) First-order invariant vector (W = {\/w , Vwo, 1/wg}):
The angles in spherical representation are:

Colatitude angle or the angle between the IVR vector and z-axis

Y, = cos™(Jw3) = cos™! (%SinH) . (18a)

It is time-independent.

Azimuthal angle or the angle between projection of IVR on XY-plane and the
X-axis

X1 = tan‘l\/% = wt (modulo 2m) . (18b)
1

It has linear time-dependence.

2) Second-order invariant vector (i = {\/w? + 2w,w;, JwZ + 2w30;, I+ 20,,}):

The IVR angles for u(1,, x,) are:



Colatitude angle or the angle between the IVR vector and Z-axis:

Y, = cos w2 + 20,0, (19a)

Azimuthal angle or the angle between projection of IVR on XY-plane and the

X-axis
2
_ -1 |w3+2w3zwq
X2 = tan /—wf+2(u2w3 . (19b)

We calculate and plot (5, wt) and ()., wt) for values of 8 = 3.0 radians and
5.0 radians as shown in Figs. 1-4.
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Fig.1  Colatitude angle of the second-order invariant vector u as a function of wt for 0 =3
radians
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Fig.2  Colatitude angle of the second-order invariant vector u as a function of wt for 0 =5
radians
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Fig.3  Azimuthal angle of the second-order invariant vector u as a function of wt for 0 =3
radians
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Fig.4  Azimuthal angle of the second-order invariant vector u as a function of wt for 0 =5
radians

These angles show sinusoidal-like variations of the spherical angles of IVR vectors
for two widely varying values of undressed energy given by & = wcos0. It is
conjectured that similar behavior will also be present in the U(,, x5) of qutrit A
and V models.

3) Third-order invariant vector: ¥ = { \/g, \E' \E} .

The third-order vector turns out to be a constant one, for the Z-model and angles
are

Ys = cos‘l\/g =~ 550 (20a)
x3 = tan~1(1) = 45° . (20b)



It is conjectured that the third invariant vector is always constant and has the angles
given previously for pure qutrit state. The spherical angles associated with the other
two vectors, W(14, x1) and U(1,, x,), capture the time-dependent dynamic essence
of this model.

5. Conclusion and Next Steps

The 3-D IVR vectors representing qutrit states captured the essential dynamics of
the cascade or Z-model. The model qutrit state is pure, and so has fewer degrees of
freedom. Out of three vectors, only one was found to display complex behavior.
Out of the remaining two vectors, one is a constant and another has a linearly time-
dependent azimuthal angle.

On the other hand, the IVR is capable of displaying the full static or dynamic
behavior of a mixed qutrit state with all 8 degrees of freedom as well. In that
situation, the qutrit dynamics are expressed by the behavior of three parameters
each of 2 and ¥ and two parameters of W as it has unit length by definition. This is
a significant advance compared with the traditional approach based on Gell-Mann
special unitary group of order 3 [SU(3)] matrices. The IVR will be applied in the
future to study the relative performance of different qutrit models for quantum
sensing.
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